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Elastic Properties and Debye Temperature of Zn
Doped PbTiO3 from First Principles Calculation

HASSAKORN WATTANASARN AND TOSAWAT SEETAWAN∗

Thermoelectrics Research Center, Faculty of Science and Technology, Sakon
Nakhon Rajabhat Univesity, 680 Nittayo Road, Mueang District, Sakon Nakhon
47000, Thailand

Zn-doped PbTiO3 has been developed to derive mechanical properties and phase tran-
sition. In this paper, a Zn atom 0–16% wt which occupied PbTiO3 structure was in-
vestigated by using first principles density functional theory. The generalized gradient
approximation was employed to determine the exchange correlation potential. The find-
ings revealed that Zn-doped PbTiO3, calculated through Mulliken population analysis,
had atomic (both ionic and covalent) bonding. In addition, the elastic constant satis-
fied the traditional mechanical stability conditions. Bulk modulus, Young’s Modulus and
Poisson’s Ratio were found to increase with increasing Zn contents. Moreover, the result
from the calculated longitudinal sound velocity and transverse sound velocity indicated
that Debye temperature for Zn-doped PbTiO3 had more than PbTiO3. Although the
Zn-doped PbTiO3 has no reported data for comparisons, it is predicted that Zn-doped
PbTiO3 can improve mechanical and dynamics behavior.

Keywords PbTiO3; Zn; elastic constant; Debye temperature

1. Introduction

Lead titanate (PbTiO3, PT) ceramics are known as ferroelectric materials [1]. The PT can
exhibit excellent dielectric, piezoelectric and pyroelectric properties which are used as
electronic sensors and optical electronic devices at high temperatures and high frequencies
[2]. PT ceramics are difficult to synthesize through different temperatures and the Curie
temperature (TC), due to a distorted structure of the tetragonal phase at room temperature
[3]. The effect of ZnO addition increases the average grain size at lower temperature as a
sintering aid. In addition, ZnO reduced the loss of volatile PbO. The ZnO also improved
dielectric properties and ferroelectric properties of relaxor ferroelectric ceramics [4]. The
properties of PT perovskite were investigated based on Density Functional Theory (DFT).
Many researchers have applied DFT to examine perovskite structures. Cohen [5] calculated
the phonon frequencies and eigenvectors of PT with DFT. Hosseini [6] calculated the phase
diagram of PT by using a first principles approach method. Moreover, the elastic constants
(Cij) are important in physics and chemistry. Cij are also determined by the first principles
method such as Liu et al.[7] to theoretically study the elastic properties of PbTiO3.

Theoretically, the ionic radius of Zn is larger than O, then we improved mechanical
properties of PT by Zn dopant occupy to O vacancies. In case of, Zn- doped PbTiO3 (PT/Zn)
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60 H. Wattanasarn and T. Seetawan

Figure 1. Model unit cell 25-atom in 2 × 1 × 1 of PT. The dark gray, middle gray and white balls
represent Pb, Ti and O atoms, respectively. The O vacancies substituted by Zn (light gray ball) and
divided into 5 layers.

has not been studied in terms of dynamics behavior and mechanical properties. The paper
not only used a Density Functional Theory under first principles study of PT/Zn, but also
proved the feasibility of calculating and predicting atomic bond by Mulliken population
analysis. In addition, the Zn-doped PbTiO3 confirmed the elastic constants, the longitudinal
sound velocity, transverse sound velocity and Debye temperature through the use of GGA
for different approximation.

2. Method of Calculation

First principles calculation was performed within the GGA of using the ab initio revised
Perdew Burke Ernzerhof [8] for exchange correlation function. The pseudo potentials
were adopted to perform with the lowest possible cutoff energy for the plane-wave basis
set. The 500 eV energy cut-off was used to smear on perovskite structure surface of
PT/Zn. The k-points for the Brillouin zone generated 5 × 5 × 2 for Zn/PT. The energy
tolerance was 1.0×10−3 eV/atom, the maximum force tolerance was 0.03 eV/Å, and the
maximum displacement tolerance was 1×10−3 Å. The method of calculation was followed
to accomplish in electronic structure by DFT.

3. Results and Discussions

3.1 Structure Properties

PT appears to exist in two different crystal structures, i.e. tetragonal (P4 mm) and cubic
(Pm3̄m). The positions of O, substituted by Zn atoms in PT tetragonal structure, have been
accommodated after synthesizing. These models were simultaneously used to optimize the
potential. The supposition was that 1) the 2 × 1 × 1 cell consisted of 25 atoms, which was
divided into 5 layers as shown in Figure 1, 2) each cell accommodated a perovskite unit PT
where Ti atoms occupied a body center site of each cell, 3) Zn atoms occupied in the cell
due to a charge compensation of oxygen vacancies.
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Elastic Properties and Debye Temperature 61

The pressure-volume relation dependence of the unit cell for PT was approximated
with experimental data by the Birch–Murnaghan equation of state as follows:

P = 3

2
B0

(
x
−7/3 − x

−5/3
) [

1 + 3

4

(
B ′ − 4

) (
x
−2/3 − 1

)]
(1)

where x (= V/V0) is the relative unit cell volume, V is the unit cell volume at varying
pressure, V0 is the unit cell volume at zero pressure, and β0 is the bulk modulus, and
β ′= (∂β/∂P)T is first pressure derivative. The Oxygen substituted by Zn atom into PT
structure from Zn 0–16% wt contents. In this study, the lattice parameter of PT obtained
are a = 3.973 Å, c = 4.223 Å, and the tetragonal distortion parameter (c/a) of 1.063 which
were at agreement with the reviewed literature [9]. The c/a of PT/Zn 4% wt was 1.204,
decreased to 1.12 at PT/Zn 8% wt and then increased with the increasing PT/Zn 12% wt.
This suggested that the PT phases transformed the Zn contents.

3.2 Mulliken Charge and Bond Population

The convergences of a charge distribution were determined by Mulliken population analysis.
The charge QA was defined as the difference of the electrons in free space. The total electron
density (P) was expanded in terms of a set of atomic orbitals P(r), P(r) = ∑

niPi(r) when, ni

was account number in the orbital occupation, then Pi(r) = ∑
caicbiXa

∗Xb, was replaced by
Sab = Xa

∗Xb which was the overlap matrix. The Dab = ∑
nicaicbi was the density matrix,

so Pi(r) = ∑
DabSab when two atoms comprised a and b. The charge QA was called the

Mulliken charge which was defined as:

QA= ZA −
∑

PA (r) dr (2)

ZA was the atomic center of positive charge which surrounded an electron cloud.
The bonds population showed positive and negative values which were related to

bonding and anti-bonding states, while the values were low (or high) indicating the atomic
bond exhibited strong ionic interaction (or covalent bond). As shown in Table 1, PbTiO3

with a valence state of Pb1.09Ti 0.95O3
–0.77, the effective charges of Pb and Ti were estimated

at 1.09 and 0.95 respectively. The effective charge on Pb, Ti and only one of Zn in PT/Zn 4%
wt and 8% wt was positive whereas the other of Zn in PT/Zn 4–16% wt and O were negative.
These implied that the electronegativity of Zn was slightly larger than electronegative of
Pb and Ti. The results agreed with the work of Sergio [10]. The bond population results
of PT/ZN as shown in Table 1 found that the O-Pb in layer 1, 5, O Ti in layer 2, 4 and
Zn-Pb in layer1, 3, 5 of PT/Zn 4–8% wt were in bonding state, whereas Zn Ti was bonded
in layer 2, and Zn Pb in layer 5 of PT/Zn 12% wt were in anti-bonding state. It can be
concluded that the O Ti, O Pb and Zn Pb bond exhibited covalent bond, whereas Zn Ti
and Zn Pb bond showed ionic bond behavior.

3.3 Elastic Properties

The thirty six elements of elastic constants (Cij) matrix of tetragonal at high symmetry were
reduced to six elements. The elastic behaviors of PT and PT/Zn were described by C11,
C12, C13, C33, C44 and C66 elements. Then Cij was obtained by the use of the stress (σ ) and
strain (ε) appliance which were in the notation form of σ ij = Cijεj and εi = Sijσ j, when the
Sij (1/Cij) was elastic compliance constant.
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62 H. Wattanasarn and T. Seetawan

Table 1
The calculated Mulliken and bonds population for 0–16% PT/Zn compounds

Muliken charges

O Ti Zn1 Zn2 Zn3 Zn4 Pb
PT –0.77 0.95 1.09
4%PT/Zn –0.78 0.73 0.11 0.9
8%PT/Zn –0.67 0.68 –0.008 0.28 0.9
12%PT/Zn –0.69 1.25 –0.59 –0.77 –0.59 0.45
16%PT/Zn –0.68 1.37 –0.61 –0.76 –0.52 –0.88 0.35

–0.95a 2.18a 1.08a

Bonds population
Layer1 Layer2 Layer3 Layer4 Layer5

O Pb Zn Pb O Ti Zn Ti Zn Pb O Ti O Pb Zn Pb
PT 0.26 0.65 0.88 0.26
4%PT/Zn –0.05 1.17 1.18 1.17 0.09
8%PT/Zn –0.01 1.43 1.16 1.14 1.12
12%PT/Zn –0.64 1.29 –1.02 1.29 –1.02
16%PT/Zn –0.52 1.34 –1.31 0.13 2.38 –1.21

aReference [10].

The elastic constants were calculated by DFT calculations on PT structure, the elastic
properties of PT cell can be referred by the theory on Voigt and Reuss approximation.
Commonly, the Voigt (subscript V) and Reuss (subscript R) for bulk modulus (B), Young’s
modulus (E), Poisson ratio (σ ), shear modulus (G), and compressibility (β) for PT/Zn
according to Voigt and Reuss were as follows [11]

BV = 2C11 + 2C12 + 4C13+C33,

BR = 1

2S11 + 2S12 + 4S13 + S33
(3)

GV = 1

15
(2C11 − C12 − 2C13+C33+6C44+3C66) ,

GR = 15

8S11 − 4S12 − 8S13 + 4S33 + 6S 44 + 3S 66
(4)

EV = 9BVGV

3BV + GV
, ER = 9BRGR

3BR + GR
, β = (C11 + C12) C13 − 2C2

13

C11 + C12 + 2C33 − 4C13
, (5)

The BV, BR and GV, GR according to Hill’s empirical were obtained to E, σ and β as the
following equation

BH = BV + BR

2
, GH = GV + GR

2
, EH = 9BHGH

3BH + GH
, σ = EH − 2GH

2GH
(6)

The elastic constants which were shown in Table 2 revealed that all the elastic constants
exhibited instability with increasing Zn contents. It was also found that, in comparison,
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Elastic Properties and Debye Temperature 63

Table 2
The calculated elastic constants, Cij (GPa), bulk modulus B (Gpa), shear modulus G (GPa)

and Young’s modulus E(GPa) on Voigt and Reuss for PT/Zn wt.%

PT/Zn C11 C33 C44 C12 C13 C66 BV BR GV GR EV ER

PT 156.4 135.4 42.1 46.8 46.3 40.1 81.5 80.9 45.5 44.8 155.2 113.5
4% 163.7 166.8 372.2 71.8 55.1 54.2 118.9 108.3 69.3 36.4 174.3 98.3
8% 150.6 144.5 534.7 84.1 56.2 60.3 135.1 109 48.9 57.2 130.9 146.2
12% 102.3 356.4 34.6 209.6 57.3 27.9 137.7 133.3 4.7 117.4 13.9 272.4
16% 207 348.1 25.2 108.1 86.1 51.1 158.5 152.3 51.9 79 140.5 102.1
PTa 235 105 65.1 90 69 98

aReference [13].

the elastic constants C11, C12, C44, C12, C13 and C66 were very sensitive to Zn contents.
This suggested that Zn atom which substituted O vacancy had an effect to phase transform.
If this structure was stable, it should satisfy the mechanical stability under the isotropic
pressure which were relatively judged in of six element of tetragonal structure as seen
in the following equation [12], (C11−C;12) > 0, (C11 + C33−2C13) > 0, (2C11 + C33 +
2C12 + 4C13) > 0, C11 > 0, C33 > 0, C44 > 0 and C66 > 0. While the BV, BR, GV, GR,
EV and ER of Zn doped PT changes from 0–16% were listed in Table 2, it increased with
increasing Zn contents. However, the PT/Zn 12% wt has GV, GR, EV and ER different from
the Zn other contents, due to Zn atom site in PT structure.

The elastic moduli were related to the hardness and strength of materials structure.
The elastic moduli of PT/Zn, as shown in Table 3, revealed that the results were lower than
reference [13, 14], due to the supposition of the PT/Zn structure which has a larger unit

Table 3
The PT/Zn 4–16% wt relative with Hill bulk modulus (BH), Hill Young modulus (EH),
Hill shear modulus (GH), Poisson ratio (σ ), compressibility (β × 10−3 GPa−1), BH/GH

ratio, longitudinal, transverse, average sound velocity (ντ , ν l, νm m/s), and Debye
temperatures (θD)

PT 4% 8% 12% 16% PT

BH 81.19 113.62 122.03 135.53 155.44 104a

GH 45.2 52.93 53.09 61.06 65.48 61.5a

EH 114.38 137.44 139.1 159.27 172.26 134b

σ 0.76 0.798 0.81 0.804 0.815 0.3b

β 12.36 9.23 9.17 77.5 5.6
BH/GH 1.79 2.15 2.98 2.22 2.37
vt 22347.9 2486.6 2608.9 2744.6 2920.2 2771.4cc

vl 4153.6 4638.7 4971.9 5229.9 5622.45 4789c

vm 2611.3 2776.9 2917.8 3100.8 3268.2 3076.1c

θD 335.1 340.2 347 370.8 386.6 393.8c,337d

aReference [14], bReference [12], cReference [18] and dReference [19] experiment.
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64 H. Wattanasarn and T. Seetawan

cell of PT. The BH, GH, and EH increases with the increasing of Zn contents. It implied that
the Zn atoms can improve the PT stiffness; only the B values decreased with increasing
Zn contents, which were behavior of materials structure. The Pugh’s criterion, [15] was
able to predict the BH/GH ratio; if the value was larger than 1.75, the material will be
ductile. The calculation of the BH/GH ratios range was at 1.79 to 2.37 for PT/Zn 0–16% wt,
which indicated that PT/Zn had a ductility which increased with increasing Zn contents.
In addition, the σ was associated with covalent bond, if the value was smaller than 0.1,
whereas ionic bond had a value larger than 0.25 [17], the Poisson ratio was at 0.76 to 0.815
for PT/Zn. 0–16% wt. The calculation results showed that the atomic bond of PT/Zn had
more ionic bond than covalent bond.

3.4 Calculation of Debye Temperature

Commonly, the morphotropic phase boundary should be correlated with Debye tempera-
tures of materials. The method to determine the Debye temperature (θD) was estimated
from the average sound velocity (νm) as in the following equation [17]

θD = h

kB

[
3

4πVa

]1/3

vm (7)

when h was the Plank’s constant, kB was the Boltzmann’s constant and Va was the atomic
volume. The average sound velocity in the material was given by [17]

vt =
(

GH

ρ

)1/2
, vl =

(
3BH + 4GH

3ρ

)1/2
, vm =

[
1

3

(
2

v3
t

+ 1

v3
l

)]−1/3
, (8)

ν t and ν l were the transverse and longitudinal sound velocity which were obtained from the
Hill’s shear modulus GH and bulk modulus βH and ρ were the density of the composites.

The calculated sound velocity and Debye temperature as well as the density for PT/Zn %
wt were given in Table 3. The results from the calculation of the transverse and longitudinal
sound velocity and Debye temperature at 335 K, increases with the increasing of Zn contents
were in accordance with current literature [18, 19], which suggests an increasing Debye
temperature, since Zn content would affected to TC of PT.

4. Conclusions

In this work, the lattice constants, Mulliken population, elastic constants, and Debye tem-
perature of tetragonal PT/Zn 0–16% wt have been calculated for the first time by using
density functional theory. The Zn atoms had an effect on the lattice constants of PT cell,
while tetragonal distortion created more experimental values. The Mulliken population
showed the atomic bond between PT and Zn atoms which were composed of ionic bond
and covalent bond. It was found that the tetragonal PT/Zn had elastic constants satisfying
the mechanical stability conditions. By calculation with bulk modulus, shear modulus,
Young’s modulus and Poisson ratio of the tetragonal, we showed increasing Zn contents
and PT/Zn demonstrating ductile properties. Poisson ratios revealed that the PT/Zn had
more ionic bond than covalent bond. The Debye temperature of PT was calculated at 335 K
and increased with increasing Zn contents. Unfortunately, there were no literature data for
PT/Zn on these properties. These results may be useful for ferroelectric materials.
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