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Abstract
In this paper' we consider the sorution of the equation

@[u(o) :5
related to the Bessel diamond operator iter_
by

where O! is the operator
ated &-time and is defind

@5: [{a, * 8,,+---tB,o)o - (8,,*,* B,o+"+...+r""*")o]*,

where p+q:n,,u:,: #***,ui:2.,i* 1,a; > -| [2],r, >0,i : L,2,...,n,,t is a nonnegative integer and n is the aime.,s* ",R*' t" this work we study the elementar5r solution of the operator @$. 
.
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1 fntroduction
H' Yildirim , M-z- sarikal'a and s- ozturk [5] have first introduced the elemen-tary solutio, of thc z-dimensionar Bessel diamond op".rio. and the Fourier_Bessel tra.sform of their convorution and showea inat the solution of theconvolution form (-1)frs*(,) * R *(r) is a unique elementary sorution of theOf;u(z) :6 .
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consider the Bessel ultra-hyperbolic operator iterated /c-times,

CE:

ob

Og ((-l)t sz*(r) * R *(r)) :6@). (2)

F\rrthermore' the operator or was first studij by Kanantt ai, suantai andLongani [Il . The @e operato. 
"* U"*"*Oressed in the form

(1)

Yildirim' sarikava and ozturk [5J showed that the function u(t) :(-r)rsr*(r)*Rz*x) is the unique erementary l"i"rl" r". ttu op".rto.*oE, where r. indi_
iilit ll*tlution, 

and &r(r) , Rz*(r) are dennar uyiial"."a (17) respecrivery,

[u., - f u,,1*
L i:l j=p+t J

Yildirim, sarikaya and ozturk {s] has shown that the generalized function
fi:J:l L"ffi-b(14)-is 

the unii'Je 
"i"-"r,tu.v sorution Ir tn" operaror D!,

3;.;,;X" 
; or v,,a,.l*I3ifff #l ;,f-' d, ;ffi *:*Jil.iiHi

(Ef :

: 
[,t 

B''-,=r,*,]-E ,.,*,*,u,,f',

(* #)'-(;,#)1r

I,t # . o,X,#y 
b, * - o,X,#lr (3)

Satsanit [ J has studied the Green function and Fourier transfcrm for o_plus
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@b:[(*u,,)'- ffi,",)']
: 

[(* 
u,,)' - L-T,",)l-[(* ,,,)'*

Let us denote the operator '
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opera'[ors' i'[era'[ed 

"];;l_ ffi , #|lr
:o-[(A#)'. (t#)']-

t:.5H).
where

o': 
[(* #)'.(H, #)']r

The purpose of this work is to study the operator

(4)

(H,,,,)7 . (5)

oE: 
f(* 

u,,),.(H,

Bv (8) and (9) we obtain

,")7

oE-- 
[(* 

,",\'.(fr,,")l
: 
[(*+*)'*("e-e";1-

_ ( r.'r, +13\*\----l (6)



-
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Thus, (5) can be written as

o!:obob:@!o;.
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(7)

(10)

For /c : 1 the operator Q6 can be expressed in the form es : AaEa : EaAa
where D6 is the Bessel ultra-hyperbolic operator,

Da: Brr*Brr*.-.*Bze -B"o*r-B,o*. Brr*r, (g)

where p + q :n and Aa is the Laplace Bessel operator,

Aa : Brr* B"r*...* Rx,n* Bro*r* B"o*r+-..+ B"r*r. (g)

FYom (5) with q : 0 and ,t: 1, we obtain

Oa:Al
where

As : Br, * Br" +... * Bze . (11)
We can find the elementary solution u(r) of the operato. @b; that is,

@f;u(r) :5, (12)

where d is the Dirac-delta distribution. Moreover, we found that u(r) relate_s
to the elementary solution of the Laplace Bessel operator defined Ly (9) de_pendingon the conditionsof qandkof (5) withq:0 and k:1. Infinding
the elementary solution of (12), we use trre method of convolutions of thegeneralized function. 

i

2 Prelirninary Notes
Denoted b.v r! the generalized shift operator acting according to the law [2]

Te@):cilo" [:",(W,,@x (fI-1-, 
"ir,r,,-t) dor . - - don,

where r,y € IRj, C.; : IILr.ffi*. We remark that this shift operator is
closely connected with the BersJ difierential operator [2J

*U , 2u dll dru 2u rtLl
dr, *;E : 

ou, * ia
U(2,0): f (r),
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Uu(r,0) :0.
The convolution operator determined bV T is as follow:

$ * v) : [-_.f (y)Tle(r) (n?=ry?,,) du../Rf
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(13)

convolution (18) is known as e B-convolution. we note the foilowing proper_ties for the B-convolution and the generalized stit oplrato.,
(a) 4 -1:1.
(b)ry-f@):f(x).
(c) If /(z), g(r) ec(Ri),.q(z) is a bounded function, r > 0 and

f@

l" lf @)l (rt;L,r!',) d,x < a,
then

r
JR.ryf 

(")g@) (rv=,v?",) dy : 
l*rf (il*g@) (ry=ry?:,) ay.

(d) Flom (c), we have the following equatity for g(z) : 1,

f .uro $v=,y?",) ou: 
lurtu) 

(n?:,y?",) dy

(e) (/ * g)("): (e * f)(");
Lemma 2.1 Giuen the equation D$u(r) 

]_ d(r) for c € RJ, where Olis the Besser-urtra hyp.erboric operotof, itu o-td k-tirnes d,efined, by (s) Thenu(x) : Rz*(') is an-iremento*orut|lon oy the operetor Dfu, where. 
r/2k_E_tylRz*(x):ffi

: 
e4)

for

(15)

*#or (""*).t+l rek)
I (eey::ut) .f+l

K-(2k): - (16)
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Lemma 2.1
the Laplace
(-t)*&*(")

and
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Giuen the equation Lfuu(r) : d(r) for r € Rj, where AE i,Bessel operator iterated k-times aepnea by .(g) 
'." 

Then ,(ri :
ds an elementary solution of the opemtor Af,,'uthere

(17)

(18)

(1e)

Lemma 2-2 The conuorution Rz*(r) r,(-1)e.g26(r) is an erementary sorution
for the operator el iterated k_tim,es ana u'a"inii by (t)
Lemma 2'3 R21"(c) and, s2e(r) are harnogeneol.ts d,istributions of ord,er (2k -n - zlul).

we need to show that R2p(t) and (-1)&s26(r) satisfy the Euler equa[ion;that is, 
a'Y\' t ------r

(2k-n- zlrl) Rzr(r):i r,*;R o(r),(2k-n-2lz,l)sz*(r): i r,*sro(r).
,-_.. or;

Lemma 2.A (The B-unuolution of tempered, d,istribution). Rz*(r) * S27.(r)exists and is a tempere-d, d,i.stiibution,.

For the proof of Lemma 2. i_ Lemm a 2.4, see ([b], p.37g_383).

Lemma 2.5 The fuytjon R_,"(r) and. (_l)r.S_,*(r) are the tn.uerse in theconuolution algebra of R21,(r) and (_\kS)r@), ,"r)ntiuely. That is,

R-z*(z) * Rzr(r) : R-zx+zr(z) : Ra(x): d(r),
(-r)*S_r*(c) * (-t)&s2r(c) : s_2,,+r*(r): so(r) : 6(r)

Lemma 2.6 (The B-conuolution of R21,(x) and, S2{x)). Let Rz*(r) and,526(r)defi,ned bv (t4) and (17) respectiueiy, 1h",, we obtain:

(1) s,k(r) * s2*(r): sz*+z*(r), where k and,rn are nonnegatiue integers.
(2) R *(") * R2^(r) : Rz*+zn,(r), where k and rn are nonnegatiue integers.

For the proof of Lemma 2.5 and f,em,rna 2.6, sce [3]-

l
!
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3 Main Results

Theorem 3.L Ciuen the equation

ok c(t1: d(z) (20)

for r e R[, where @[ ;s the operator iterated k-tinr.es is defined, bV (6) . Then

we obtain G(r) is ari elementary solution of (20), where

G(r) : (Rar(") * (-1)2tSa6(r)) * (C'*(r)).-' (zr)

c(r) : *orr*t* lt- r)2s4(,). (22)

Here C'k(r) denotes the conuolution of C(r) itself k-times, (C'b(r))'-t denotes
the inuerse of C'k(r) in the conuolution algebra. Moreouer G(r) is a tempered,

d,istribution.

Proof. We have

oLG(,) : (*+g)-",,,: d(z)

or we can write

(i*,*ioe) (i*,.i"z)o-'"(,, : a(z)

Convolving both sides of the above bquation by €a(c) * (-1)2S4(c),

(i "',*joa) 
* (&(r) + (-1)2sa(r,) (; N, +f;a'u)*-'",,,

': d(r) * ft.(c) * (-1)2^S{(r)

or

(i ", (ao(,) * (-r)2sr(c)) +;tr3 (n t,).1-ry'so(,)))
: d(r) * Ra(r) + (-1)2s4(r).

By properties of convolutions,

(i "; ((-1)'?s4(,)) * no(,) *ir',(&(,)) . (-r)'&(,))
: d(r) * Ra(r) * (-i)2.S4(lr).

(i"'"*lo?,)- ' G(")

(l "',.i"e)r-' ,(")



(;'

or

(;
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By Lemma 2.1 and 2.2, we obtain
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Keeping on convolving both sides of the above equation by Ra(r) * (-l)2S4(z)
up to & - I times, we obtain

c'r(r) *G(r) : (aob) * (-r)2.s0(r))'e (23)

the symbol *Ic denotes the convolutlon of itself &-times. By properties oi ,?26(z)
and 526(r) in Lemma 2.7, we have

(ao(r) + (-t)2s.(r))'o (r) : R*(r) * (-r)2tsn6(z).

Thus (23) becomes,

* Ra(r) *'ro._(-r)'zs4(r)) (; r', +f,n'")*-'",,, : d(z)*Bn(,)*(-i)2.s4(u).

Ra(r)+ jt-rl's.,",) (; n', +la'")*-'",,, : Rq(r)* 1-r)2sn(z).

C'*(r) * G(z) : Rax(r) + (-t)2e.So6(z)

G(r): (ft.*(r) * (-r)2t,Sa*(")) * (C-o(r))'-' (24)

is an elementary solution of (20).' we consider the function C'k(r), since
no(r) * (-1)2.Sa(r) is a tempered distribution. Thus C(z) defined by (22) is
tempered distribution, we obtain C'k(r) is tempered distribution.

Now, ftas(r) * (-1)2ft.S4r(r) e S', the space o[ tempered distribution.
Choose S' C D'p, where D'p is the right-side distribution which is a sub-
space of D' of distribution. Thus Ra*(r) * (-1)2&.9a*(r) e D'*. It follow that
&r(") * (- 1)2eSa6(o) is an element of convolution algebra, since D! is a con-
volution algebra. Hence Zemanian [6], (21) has a unique solution

G(r) - (a*(r) * (-r)2e,Sn*(")) * (C'*(r))'-' ,

v"lrerc (r;.t(r))'-t is rn inverse of. c-k(r) in ttre convolution algebra. G(r) is
called fhe Green function of the operator @[.

Sirrce .Ra6(r) * (-i)2&S*(c) and (C'e(r))'-t are lies in .S,, ihen by ([6],
p.152) agail, we ha.ve (Ao*(r) " (-1)roSor(c)) * (C,.(r)) *-l € .g,. Hence G(r)
is a tcrnirered distribution. D
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Theorem 3.2 Giuen the equation

@!u(r) : d(z),

u(r\ : (Rr*(r) * (-r)&.526(z)) + G(r)

Of .r, .r+-l
u(r) :(au*(r) * (-1)3e'Sot(')) * (c'*('))'

+tt

where ob ,s the operator itemter. k-thnes d,efined by (s) , 6(r) is the Dirac'

d,etta d.istribution,, € Rr and, k is a nonnegatiue integer. Then we obtain

(25)

(26)

(27)

is a Green's function or an elementary solution for the operator e$ iterated

;;;"|'";1"i" al is d.efined' bv (s) , and' G(r) defined' b11 @1) For Q : 0'

th'en (25) beenmes 
affu(r) :6(z), (28)

we obtain 
u(t) :sat(')

is an elementary solution ol (28), where A$ rs the L.aplac-e Bessel operator of

p-d,imension, iteratel.4k'times and' is d'efined' by (11) Moreouer' we'obtain

8-41(r) * (-r)3&S-uo(,) * (C'o(')) *u(r): Rz*(t) (29)

as an elementary solution o[ the Bessel ultra-hyperbolic operator iterated k-

times is deflned bY (8)'
Proof. FYom (7) and (25), we have

o!u(z) : (O!@b) u(z) : 51r;. (3c)

eonvolving borh sides of (30) U,v (R2r(o) * (-1)&,S2t(")) * G(r), we obtain

(Rzr(z) * (-1)&Szr(r)),rG(z)*(OLo!) u(r):d(z)*(n n(r) * (-l)k'9zt(r))'rc(r)'

By properties of convolution

o! (E o(r; * (-l)eszn(r))*oE (G("))*u(z) : (R*(r) * (-1)&s21(r))*G(r)'

By Lemma 2.3 and Theorem 3'1, we obtain'

d *,6 * u(r): u(t): (&*(,') *' 1-l)rS2t(")) * G(")'

By Lemma 2.7 and (21), we obtain,

u(r) : (no.(r) * (-1)3fts5r(')) * (c't1r1;'-1 (31)
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is an elementary solution or Green,s function of @E operator. Now, for e : 0the (25) becomes
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Lffu(r) :6(r),
where Aff is Laplace Besser operator of pdimension iterated 4&_times.Lemma 2.2, we have

(32)

By

u(r) : (- l)n*Sro(z) : .566(z)

is an elementary solrrtion of (2g). On the other hand, we canfrom (31). Since g:0, we have'R2p(t) reduces to (_1)e.gre(z).
for g : 0, we obtain

" *' 

=: 

f;* 
I::.tTi1fi;:l;;t': :'.'' ) ) -'

FYom (31), we have

u(r) : (au*(") + (-t)3t,S6y.(r)) * (C.o(r)).-, .

:"ffi1";:3 iff ;?T"TJ;f" bv r?-66(z) * (-r)3es-or(r) * (c.&(r)) Bv

B-or(z) * (-t)3fts-o*(c) * (c'*(")) *u(t): &(r) *.so(r) * 6(r) * Rz*(x)
or

R-ur(") * (-t)3tS-or(r) * (C-,(r)) *u(z): d(r) + d(r) ,v 6(r) * Rzr"(r).
It fcllows'that

R-a*(r; * (-t)3t,S_or(c) * (c.r1r)) *u(x) _ Rz*(t) (33)
as an erementary sorution of the operator D[ iterated &_times defined by (s)
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